Abstract. The interaction Hamiltonian of an electron and a quasi-monochromatic pulse of a strong quantized electromagnetic field is examined. Canonical transformations of the field variables are found that allow the division of the system's Hamiltonian in two parts. The first one describes the interaction between an electron and a single collective mode of the field. The properties of this mode are defined by the superposition of the modes corresponding to the pulse wave packet. The second part describes the field fluctuations relatively to the collective mode. The field intensity is estimated for which a single-mode approximation can be used for the system's description.
Introduction
The quantum electrodynamical (QED) processes in the presence of a strong electromagnetic field are commonly described in the Furry representation [1] with scattering amplitudes calculated via the "dressed" external electron states [2] [3] [4] [5] [6] instead of the free plane waves in vacuum QED. These states are defined by the exact solutions of the Dirac equation with an external electromagnetic field that can be classical [7] or quantized [8] . In the classical case, these exact solutions can be obtained when the external field is described by a monochromatic plane wave [7] or by a function which depends only on the field phase φ, corresponding to the propagation of a free electromagnetic wave [9] . In the quantum case, they are determined for a quantized external field (single-mode approximation).
The Furry approach was successfully employed for the theoretical description of many QED processes, such as multi-photon (non-linear) Compton scattering [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , electronpositron pair creation [20] [21] [22] [23] [24] , sequential and non-sequential double ionization of atoms [25] and other problems [26, 27] . At the same time one should take into account that experimentally available laser pulses (external field) have a finite duration and a transversal spread, corresponding to a multi-mode wave packet with a non-zero spectral width and an angular divergence. As a consequence, the wave packet is not described by the exact solutions [7] , [8] . Therefore, it is of great importance to formulate the accurate conditions of the applicability of the single-mode approximation in order to compare theoretical and experimental results.
An analogous problem in quantum optics is the analysis of the evolution of an atom interacting with a resonant field in a cavity. This system was initially described by Jaynes and Cummings [28] who considered the interaction between an electromagnetic field and a twolevel atom inside an ideal cavity. Although a lot of various aspects of the atom-field interaction were discussed through this model (for example, [29] and references therein), in most works the external field was the single-mode cavity eigenstate. Few extensions to the model were proposed. One of them is based on the inclusion of the loses of the resonant mode through a lossy cavity [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Another one is the generalization for the case of few discrete modes interacting with an atom [41] [42] [43] [44] [45] . However, models taking into account a superposition of modes in the vicinity of a resonant one have been discussed only recently [46] [47] [48] [49] [50] [51] .
In the present paper the mathematical background of the single-mode (plane wave) approximation for the description of a relativistic electron in a quantized field of a quasimonochromatic laser pulse is investigated for the first time. The canonical transformation of the field variables is found that allows one to separate the Hamiltonian of this system in two parts. The first term defines the interaction between an electron and a single collective mode. The parameters of this mode are related to the external field wave packet. The second part describes the field fluctuations with respect to the collective mode. Then the integral field intensity is determined for which these field fluctuations can be neglected, leading to the applicability conditions of the single-mode approximation.
The paper is organized as follows. In Sec. 2, the Hamiltonian of the system is considered and the qualitative characteristic parameters of the laser pulse are discussed. In Sec. 3, the canonical transformations of the field variables are performed and two the most relevant parts in the system's Hamiltonian are identified. In Sec. 4, the corrections to the single-mode Hamiltonian are discussed and the field intensity is determined for which the single-mode approximation is valid.
Dirac equation for an electron in a multi-mode external field and characteristics of a laser pulse
Let us start with the equation for the state vector of the system which includes a relativistic electron and a multi-mode transversal quantized field ( = c = 1)
with the vector potential
Equation (1) includes Dirac matrices α and β, a normalization volume V, a photon wave vector k, a frequency ω k and a polarization vector e(k), k · e(k) = 0, photon annihilation and creation operators a k and a † k of the mode k, an electron charge e and mass m. Equation (1) can be written in covariant form if the transformation Ψ = e −i k ω k ta † k a k ψ is used, thus obtaining the covariant form of the Dirac equation:
with the four product defined as (
, the four potential of the field
and summations over repeated indices. With the transformation ψ = e i k (k·x)a † k a k χ the electron coordinates can be excluded from the field operators. As a result, the operators are transformed as follows:
and equation (3) leads to
where
With the transformation χ = e −i(q·x) ϕ, the coordinate dependence is separated from the field and spin degrees of freedom
where the four vector q can be considered as the total momentum of the system [8] . The final form of equation (5) will be used below. Experimentally available laser pulses, can be described by a quasi-monochromatic wave packet with the central frequency ω 0 and the wave vector k 0 = ω 0 n (n is a unit vector) with corresponding spreads in a solid angle ∆Ω:
characterizing by the duration τ and spacial width S of the laser pulse. The nonmonochromaticity will be characterized via two dimensionless parameters
For high intensity pulses, as those considering in the following all modes within the volume ∆ = δωδk 0 in the k-space are highly populated and correspond to the large quantum numbers n k of the field state vector.
When only one mode is included in equation (5), the single-mode approximation is recovered that leads to the Berson's solution [8] in the case of a quantized field or to the Volkov's solution [7] in the case of a classical field. This intuitive conclusion will be thoroughly justified by using the Hamiltonian (5) to consistently derive the single-mode approximation with correcting terms, appearing due to the interaction of the field modes between each other.
Approximating single-mode Hamiltonian and canonical transformation for its diagonalization
In this section we employ the method of approximating Hamiltonian described in detail in reference [52] . Since the non vanishing modes of the quantized external field are inside a small volume ∆ in k-space the total Hamiltonian can be written as:
where constant four vectors k 0 , b 0 and a small volume ∆ in k-space near k 0 are the variational parameters of the approximating Hamiltonian and will be defined later. The sums k<∆ and k>∆ mean summation inside and outside the volume ∆, respectively and the operators H 1,2 are determined identically from equation (5) 
By the definition in ref. [52] , the approximating Hamiltonian H A should quantitatively describe the system, be accurately diagonalizable and the perturbations due to the operators H 1,2 need to be small. For the diagonalization of H A let us utilize the method of canonical transformations, which was introduced by Bogolubov and Tyablikov for the polaron problem in the strong field limit [53] . For this purpose we go back to the coordinate representation in (8) :
Following Bogolubov [53] , we introduce the collective variable Q in which all field modes are added coherently and the "relative" field variables y k which define quantum fluctuations relative to the collective mode
where N ≫ 1 is equal to the number of modes in the volume ∆. The transformation of the momentum operators is calculated according to its definition [53] :
Calculation of the derivatives with the help of (11) gives the generalized momenta:
Insertion of (13) and (11) into the Hamiltonian (10) leads to the separation of the collective coordinates, the fluctuation operators y k and the "external" variables a k and a † k , corresponding to k outside the ∆ volume:
We can now quantize the collective and "relative" variables by introducing the new set of creation and annihilation operators
With the accuracy of ∼ 1/N the Hamiltonian (14) transforms into
where the operators are written in the normal form and the energy of "vacuum oscillations" is not taken into account. In this representation the operator H sm which corresponds to the single-mode approximation is completely separated from the contributions defined by the fluctuation operator H f and by the external modes operator H e . Therefore the state vector of the system in the zeroth approximation is represented as the product:
where |n f k defines the state of the "fluctuations", |n e k is the state of the "external" modes of the electromagnetic field not interacting with an electron, and |Ψ A describes the state of the electron interacting with a collective mode of the field. |Ψ A satisfies the equation:
The Hamiltonian H A in equation (18) up to the constant four vectors a µ and f µ = k 0µ f coincides with the Dirac equation with only one mode of the field and can be diagonilized. Solutions of equation (18) in the Bargmann representation for the creation and annihilation operators were found by Berson [8] and their operator form were obtained in [54] :
,
µ − a µ and u(p n ) is a bispinor which coincides with a free Dirac bispinor. In the general case parameters z and f in the quasi-momentum p n depend on the form of the laser pulse (see below equations (27) (28) (29) (30) (31) ). p n can be considered as the analog of the dressed momentum introduced in Refs. [10, 20, 21] and depends on the intensity and polarization b 0 of the collective mode. Let us note, that in the case of modulated plane waves, i. e., waves with few Fourier components the canonical transformation (11) need to be modified for few collective modes and is not investigated in the present work.
The solutions (19) form a full and orthogonal basis in the Hilbert space and can be normalized in a relativistically invariant way [6, 8] .
Perturbation theory on the operators H 1,2
It is supposed that the approximating eigenvectors (19) define the main contribution to the solution of the initial equation (5) . In accordance with the method defined in ref. [53] one should now consider the corrections to this solution given by the operators H 1,2 from (9), thereby determining the optimal parameters (∆,k 0 ,b 0 ) of the approximating Hamiltonian (8) .
In order to build the corresponding perturbation theory let us insert a formal parameter λ in equation (5) 
and represent a solution in a form of a series [53] :
From equation (21) the first two orders of the perturbation can be found:
The first equation coincides with equation (18) and has the set of eigenvectors (19) which form a full and orthogonal basis in a Hilbert space. As was shown in [8] , equation (22) leads to the Volkov's solution for an electron in a classical field [7] if one uses the coherent state representation instead of the Fock representation for the eigenvectors (19) . In order to do this in our case we suppose that the electromagnetic field is described by the state:
which is a set of coherent states with amplitudes u k associated with a wave packet localized in k-space near the momentum k 0 . These amplitudes are modeled with the Gaussian distribution:
where σ 2 and σ 1 are defined by equation (7) and determine a frequency and an angular spread in the laser pulse respectively. The Gaussian wave packet models qualitative characteristics of the finite laser pulse and convenient for the analytical calculations. The other choice can change the obtained results on the number of the order of one.
The constant C in (23) for a pulse of an intensity I, a transversal width S and a duration τ can be obtained from the normalization on the full pulse energy W:
The wave packet (24) can be expanded in a series over the full set of states (19):
with coefficients C n (a, f ), which depend not only on the collective mode quantum number n, but also on the "fluctuating" and the "external" modes quantum numbers f and a respectively. This linear combination can be used for the description of QED processes (non-linear Compton scattering, electron-positron pair creation) in Furry picture, taking into account the realistic duration and angular spread of the laser pulse. In the following we show that the dependencies on f and a can be neglected if the k-space volume ∆ is chosen in a consistent way.
We can estimate the contribution of the various terms in the Hamiltonian H A using the state (23):
where we assumed that the volume ∆ in k-space can be written as ∆ = ∆ 
The contribution due to the "fluctuating" modes in (28) is defined by the value Ψ f | f |Ψ f and is equal to zero if the parameter δ is chosen as the solution of the equation
It is evident that the actual value of this parameter depends on the laser pulse form but in any case it can be calculated in a similar way. The contributions of the "external" pulse modes to H A can be neglected because they are defined by the value
when δ is found from (29) . A similar estimation 1 − Φ 3 (δ) ≈ 10 −6 , defines the difference between the energy accumulated in the collective mode (27) and the total energy of the laser pulse (25) . It means that if the parameter ∆ is chosen as
the values a and f can be omitted in the operator H A that corresponds to the vacuum of the "fluctuating" and "external" modes. In this case H A can be considered as the single-mode Hamiltonian in the zeroth order (22) . The solution of this equation and its application for the analysis of the quantum corrections to the electromagnetic processes in the strong field were considered recently in our paper [54] . Now we determine the parametersk 0 ,b 0 , ω 0 of this Hamiltonian. Let us consider the first order equation in (22) . Using its projection on the state vector Ψ (0) | (we pay attention to the fact, that for the correct perturbation theory for the Dirac equation the eigenvalue Ψ (0) | of a zero-order is not a hermitian conjugate to |Ψ (0) but is the Dirac conjugate i. e.
According to Bogolubov [53] the stable solution of the initial equation (5) exists if the first-order correction to the eigenvalue is equal to zero and this condition allows one to find the unknown parameters. In our case it leads to two equations
because the operators H 1 , H 2 refer to different variables. The details of the calculations of the expectation values of the Hamiltonian H 1 can be found in appendix A. The result reads
The calculation of the average value of the Hamiltonian H 2 is performed in exactly the same way
As was stated above, according to ref. [53] the first corrections to the approximating Hamiltonian H A are equal to zero. This gives a condition for the determination of the variational parameters ∆, b 0 , k 0 of the Hamiltonian H A . Therefore, if we choose
the expectation value of the Hamiltonian H 1 turns into zero. The average of the Hamiltonian H 2 vanishes according to symmetry consideration as it is not bilinear over polarization vectors
The physical meaning of this choice is that the collective single-mode corresponds to an average over the modes of a quasi-monochromatic wave packet.
We have determined the variational parameters of the approximating Hamiltonian and consequently can proceed with the estimation of the field intensity for which the single-mode approximation is valid. For this purpose, the second-order correction
to the system's energy needs to be calculated. Here H 1 is the perturbation operator (A.1).
As it can be seen from equation (A.1) only the last two terms contribute to E (2) 0 . The state |E 0α is the wave function
where ǫ is the electron's energy, n 0 is the number of quanta in the "collective" mode, |0 f is the state of the field fluctuations and for simplicity we neglected the term proportional tokb. Let us rewrite the Hamiltonian H 1 in the variables A, A † of the "collective" mode andc k ,c † k of the fluctuations respectively
Now we can calculate the transition matrix element 0 f n 0 |H 1 |n f n :
The use of the transformation (A.4) of the creation and annihilation operators of the "collective" mode by the operator S and the calculation of the averages in a spin space yield
Consequently we can write down the second-order correction to the system's energy
is an electron's four velocity.
Equation (41) has four terms but only two are important. The term inversely proportional to the frequency difference ω 0 − ω k describes a resonance and defines the frequency renormalization and the lifetime of the collective mode. The term inversely proportional to ω k defines the fluctuations arising due to the interaction between an electron and an external field. The remaining two terms can be neglected as the second one is not a resonance and the fourth one is inversely proportional to the normalization volume V (N ∼ V and b ∼ 1/ √ V). In order to perform a summation in k-space we firstly fix a coordinate system. Let the z-axis be directed along k 0 , the x-axis along v ⊥ -the velocity component perpendicular to the k 0 . The details of the summations over k can be found in appendix B. The second-order correction to the system's energy reads
where λ = σ 2 /(δσ 2 1 ). The first term in (42) is proportional to the same quantum number n 0 as the energy of the "collective" mode. Its real part defines the shift ∆ω 0 and the imaginary part defines the width Γ/2 of the resonant collective mode. One can rely on the single-mode approximation if these values are small in comparison with ω 0 :
As was stated above, the single-mode approximation is valid when the change in E
0 due to the fluctuations of the quantum field are small with comparison to the ground state energy of the "collective" mode (27) . These fluctuations are defined by the last term in equation (42) . This leads to the additional parameter
which defines the lowest pulse intensity for which the single-mode approximation can be used (see also [54] ) . Modern lasers can reach nowadays high intensities [55] [56] [57] [58] [59] up to 10 22 W/cm 2 with a pulse duration of about 30 fs. Let us estimate the parameters (43) and (44) for an intensity I = 10 22 W/cm 2 , photon frequency ω = 7.8 · 10 4 cm −1 (a corresponding wavelength of 800 nm), pulse duration τ = 8.7 · 10 −4 cm −1 (corresponding to 30 fs) and focusing S = 10 −8 cm 2 . The physical parameters σ 1 and σ 2 are connected with the characteristics of the laser pulse by equation (7), and their numerical value for the above I, S , τ is equal to
An electron beam always has angular divergence ∆θ and v ⊥ ∼ ∆θ ∼ 1/γ, where γ is the electron's gamma factor. Therefore, for the moderately relativistic electrons we can consider that v ⊥ ≤ σ 1 .
By plugging the numerical values in equations (43) and (44) one obtains
and we can conclude that the single-mode approximation is applicable.
As can be seen from equation (46) However, the most important parameter, which can limit the applicability of the singlemode approximation is indeed independent on the intensity, but depends on the pulse duration. It determines the width of the collective mode Γ/ω 0 , equation (47) . The decrease of the pulse duration from 30 fs to 3 fs, will increase its value by one order.
Concluding we can state, that the applicability of the single-mode approximation is mainly limited not by the pulse intensity, but rather by its duration. The physical meaning of this result, corresponds to the situation that for the really short laser pulses, the collective field mode does not have sufficient time for its formation.
Conclusion
In this paper we have studied the applicability of the single-mode approximation for a relativistic electron interacting with a laser pulse of a finite duration and transversal width. The relations between parameters of the single-mode Hamiltonian and the form of the wave packet are found. In particular, the frequency of the collective mode corresponds to the average frequency of the wave packet's modes.
The three parameters which determine the applicability of the single-mode approximation are frequency shift, collective mode width and dimensional parameter µ, which is defined as the relation of the energy of the fluctuations to the ground state energy of the collective mode. For sufficiently long laser pulses and for experimentally available intensities the single-mode approximation is proven to be valid, however for the very short laser pulses the collective field mode does not have sufficient time to form.
The proposed approach can also be used for the analysis of the interaction between an atom and a field placed in a non-ideal cavity.
.
The expectation value of H 1 , computed with respect to the ground state of fluctuations (16) is equal to
By exploiting the definition of |Ψ A in equation (A.2), one obtains
The last step is to calculate the averages in the Dirac spin space. For this purpose we will employ the electron's density matrix
, with p and a being its four momentum and polarization, respectively. For example,
Inserting (A.6) and (A.7) into (A.3) we find the average value of the Hamiltonian
where only the leading terms in n 0 are left.
Appendix B
Then the first term in equation (41) is
The first two integrals in equation (B.1) are equal to zero as integrals of an odd function over a symmetric interval. Now, we change a variable k to k 0 + q. After expansion of the scalar product in (B.1), the terms linear in q will also not contribute as they are the odd functions. For this reason, one obtains
The denominator of equation (B.2) is equal to zero for q z,1 = −2ω 0 , q z,2 = −(q 
Here we pay attention to the fact that v · e k,2 = v · e 0,2 = 0. Insertion of equation (B.9) into equation (B.8) gives e 2 2(2π) 3 
(B.10)
